We present the first demonstration of frequency conversion by simultaneous second-and third-harmonic generation in a silicon photonic crystal nanocavity using continuous-wave optical excitation. We observe a bright dual wavelength emission in the blue/green (450-525 nm) and red (675-790 nm) visible windows with pump powers as low as few microwatts in the telecom bands, with conversion efficiencies of ∼ 10 −5 /W and ∼ 10/W 2 for the second-and third-harmonic, respectively. Scaling behaviors as a function of pump power and cavity quality-factor are demonstrated for both second-and third order processes. Successful comparison of measured and calculated emission patterns indicates that third-harmonic is a bulk effect while second-harmonic is a surface-related effect at the sidewall holes boundaries. Our results are promising for obtaining practical low-power, continuous-wave and widely tunable multiple harmonic generation on a silicon chip. 
Introduction
Integrated optical micro-and nano-cavities [1] , where light is tightly confined in spatial regions just a few wavelengths across, offer a unique way to enhance nonlinear optical processes, enabling a wealth of all-optical functions on a chip scale using low-power light [2] [3] [4] [5] . Frequency conversion by nonlinear harmonic generation [6, 7] is a crucial functionality, as it allows the extension of the coherent emission of infra-red lasers to shorter wavelengths in the visible and near ultraviolet. However, the demand for low-cost and full compatibility with on-chip integration poses serious constraints to the implementation of realistic devices, which must satisfy the requirement of low energy consumption and, possibly, continuous-wave operation.
Several types of optical nonlinear effects are actively being explored to realize a variety of integrated signal-processing devices on micro-and sub-micrometric scales, including for example four-wave mixing (FWM) [2, 3, 8, 9] , self-phase modulation (SPM) [10] [11] [12] , stimulated Raman scattering (SRS) [4, [13] [14] [15] and third-harmonic (TH) generation [16] . A breakthrough example is the demonstration of a continuous-wave silicon Raman laser in the telecom band [4] . Among others, field-confining structures based on silicon photonic crystals (PhC), such as linear waveguides [17] [18] [19] or defect nanocavities [20, 21] , offer new strategies for improving nonlinear optical efficiency by a unique combination of strong local-field enhancement and light dispersion engineering [22] [23] [24] . Visible light emission in silicon through slow-light enhanced third-harmonic generation has been reported very recently [16] in PhC waveguides with only few watts of peak power. This demonstrates the potential of a PhC-based platform for applications involving efficient nonlinear frequency conversion, such as the extension of infrared laser sources to the visible and near ultraviolet windows. However, the implementation of such optically pumped structures in realistic integrated devices faces a number of cost-related obstacles, and it is clearly incompatible with expensive high-power pulsed lasers. For practical applications, continuous-wave (CW) frequency conversion by means of simple, low-power and low-cost infrared sources such as semiconductor laser diodes would be highly desirable.
In this work, we demonstrate experimentally and analyze theoretically a low-power, continuous-wave and multi-color light source on a silicon chip by simultaneous second-and third-harmonic generation. The visible nano-emitter is a high-Q silicon PhC nanocavity optically coupled to a low-power telecom laser, giving rise to dual-wavelength nonlinear conversion with only few microwatts of CW infrared power. This is made possible by a combination of ultra-small modal volume and engineered near-and far-field profiles of the PhC cavity, which allow to vertically pump and collect the harmonic signals. The results show the great potential of properly optimized nanoscale photonic crystal cavities to enhance nonlinear optical effects even in a material, like silicon, which is not commonly employed for nonlinear optics. Perspectives for applications in other geometries are discussed later in this work.
Cavity-enhanced harmonic generation
Frequency conversion by harmonics generation (HG) is derived from the nonlinear susceptibility of a material [6, 7] . In general, this nonlinear optical process involves the conversion of a number n of photons at a fundamental frequency ω into one single photon at frequency nω through the n-order susceptibility χ (n) . The intensity of the harmonic signal for the n-order conversion process scales as (I ω ) n , where I ω is the electric field intensity of the pump beam. In high-Q resonant cavities, this power scaling translates into an intensity of the harmonic signal being proportional to (Q/V) n , where V is the cavity mode volume. Thus, the use of integrated micro-and nano-cavities possessing both high Q-factors and very small modal volumes, of the order of a cubic wavelength, can result in a dramatic enhancement of the nonlinear conversion efficiency. This strategy has been shown to be very effective in integrated devices such as ultrahigh-Q silica microtoroids [5] and III-V-based photonic crystal cavities [25] [26] [27] [28] , where low-power CW third-harmonic generation (THG) and second-harmonic generation (SHG) have been observed, respectively. In silicon-based systems, however, although a range of other nonlinear processes have been widely reported using low-intensity CW light [2] [3] [4] , enhanced HG has only been observed under high-power pulsed excitation (P peak > 10 W) [29] [30] [31] [32] [33] . A main difficulty related to host silicon material is that the bulk second-order susceptibility vanishes in the electric dipole approximation, leaving only weak electric quadrupole and magnetic dipole contributions, as well as surface-related contributions which add to the bulk quadrupole [34] [35] [36] [37] . Also, for Si-based devices optically pumped in the telecom bands at λ ∼ 1.35 to 1.55 μm, both SHG and THG frequencies fall into the visible spectral region, well above the Si absorptionedge at λ = 1.1 μm, and are therefore strongly absorbed. Moreover, free-carrier absorption induced by two-photon absorption (TPA), which is considerable in silicon with a TPA coefficient β = 0.5 cm/GW [38], enables a strong competing channel that further reduces HG efficiency.
These material limitations become even more important for high-Q resonators based on totallyguided propagating optical modes, such as integrated silicon micro-rings or micro-disks, where the emitted HG light remains trapped in the device by total internal reflection and is therein quickly absorbed. Also, the relatively long free-carrier lifetime (τ ∼ 1 -10 ns) reported for these systems [3] has been shown to strongly increase TPA induced losses, such as, e.g., in silicon Raman lasers [38] .
Our approach, based on planar PhC nanocavities, overcomes these difficulties and allows us to observe efficient CW generation of frequency harmonics in silicon by exploiting (i) the huge nonlinear enhancement due to extreme field localization, leading to an increased efficiency by a factor Q/V ∼ 10 5 /μm 3 ; (ii) an optimized far-field profile of the PhC cavity, which allows the improvement of the in-coupling efficiency of the pump beam by more than an order of magnitude with respect to conventional high-Q PhC cavities; (iii) the high surface-to-volume 
Fabrication and measurements
Our nonlinear emitter is a modified L3 PhC nanocavity in a 220 nm thick air-suspended silicon membrane, optimized for best Q-factor and in-coupling efficiency at λ c ∼ 1.35 − 1.55 μm, where λ c is the cavity resonant wavelength. The device was fabricated from a SOITEC silicon-on-insulator wafer using electron-beam lithography with a hybrid ZEISS GEMINI 1530/RAITH ELPHY system and reactive ion etching with a CHF3/SF6 gas mixture. The lattice constant of the photonic crystal was 420nm with r/a = 0.28. Further details on device fabrication have been previously reported [19, 40] . A scanning electron microscope (SEM) image of a typical device is shown in Fig. 1a . The modified holes around the cavity, slightly enlarged with respect to the background PhC lattice, increase the in-coupling efficiency of the pump beam, which is focused onto the nanocavity from the top (see schematic picture in Fig.  1c ). This is achieved through a suitable folding of the k-vector components [41] [42] [43] at the resonance frequency ω = ω c = 2πc/λ c into the radiative light cone. The resulting far-field profile (Fig. 1b) calculated by 3D finite-difference time domain (FDTD) simulation [44] is nearly Gaussian-like and ensures that sufficient power from the normally incident pump is transferred to the cavity mode, and then converted into HG light emission (Fig. 1c) . Further details on our cavity designs, optimized for both high-Q [45, 46] and high coupling efficiency [43] , have been previously reported.
The modified PhC nanocavities were optically characterized by means of resonant light scattering (RS) spectroscopy [47, 48] . This allowed the determination of their resonance wavelength, quality factor and coupling efficiency to the infrared laser pump, as in our previous report [43] . The measured RS spectra, as those shown in Fig. 2a ,b (left panels), are fitted with a Lorentzian or a Fano lineshape [48] to extract the precise resonance wavelength λ C and Qfactor of the cavity mode. Furthermore, the coupling efficiency of the exciting laser beam is estimated by the ratio of the RS intensity (peak height) to the incident light intensity as [28] η cav = I RS /I inc . Although the Q-factor of the modified cavity is decreased as compared to the unmodified one, a good compromise is found in our case for cavities having a coupling efficiency of the order of η cav ∼ 0.05 − 0.15 and corresponding Q-factors varying from 5. When pumping a modified PhC nanocavity with a 1 mW (∼ 0.15 mW coupled power) infrared laser tuned to resonance with the fundamental mode at ω = ω c , a bright visible emission at ω = 3ω c (THG) and a less intense one at ω = 2ω c (SHG) are simultaneously observed. We tested different PhC cavities having fundamental resonant wavelengths λ c in the range from 1350 nm to 1580 nm, which gave THG emission tuned in the blue/green visible window (450 -525 nm) and SHG in the red (675 -790 nm), as shown in Fig. 2 . The continuous-wave SHG and THG of the devices were probed using the same experimental set-up used for RS characterization, in which the crossed polarizers have been removed and the beamsplitter replaced by a dichroic mirror. The low-power pump beam from the 1350-1640 nm tuneable laser was tuned to resonance with the cavity mode and focused on the sample from the top by means of a 50x microscope objective with NA=0.8. Visible SH and TH emission were collected through the same objective and then dispersed by a 500 mm focal length monochromator equipped with a liquid Nitrogen cooled Si CCD (Princeton Instruments). Typical SH and TH emission spectra from a "blue" cavity and a "green" cavity are shown in Fig. 2a,b (right panels), respectively. Notice that SH and TH spectra are not resolved. To measure the total SH and TH emission power and to verify their scaling behavior as a function of the pump power, the entrance slit of the monochromator was fully opened to assure that the whole HG emission pattern was collected by the Si CCD. Linearity and power response of the Si CCD was calibrated using a doubled Nd:YAG laser monitored by a power meter.
SHG and THG radiation patterns
Due to its centro-symmetric nature, bulk crystalline Silicon has a third-order nonlinear susceptibility tensor but no bulk electric dipole second-order susceptibility. However, SHG is possible in Silicon as a surface contribution, which adds to the weak bulk quadrupole and magnetic dipole contributions [6, 7, [34] [35] [36] . The bulk contribution is measurable but small [29, 37] and it will be neglected in the following. We model these two different contributions with 3D FDTD simulations of the electric field generated from suitably determined nonlinear polarizations, following a procedure similar to the one already employed in Ref. [25] . Absorption at the respective harmonic frequencies is taken into account through the complex refractive index of Silicon.
Notice that, since we are considering HG from localized cavity modes, there is no propagating field within the nonlinear material and the usual conditions of phase matching in propagation cannot be applied. Full phase matching in a cavity geometry requires simultaneous resonance at the pump and harmonic frequencies, as well as spatial overlap of the field profiles. In the present case, double resonance cannot be achieved since the field at the harmonic frequency is strongly absorbed in the cavity medium for both SHG and THG. Therefore, phase matching considerations are not an issue in the present experiments.
In Fig. 3a,b we plot the calculated near-field profiles of the electric field at ω = ω c , decomposed in the two orthogonal components E x and E y . Unlike in Si microrings or nanowire waveguides, here the electromagnetic field is strongly localized in a tiny volume inside the cavity with a peculiar spatial distribution: while E y sharply peaks at the center of the cavity region, i.e. in the bulk of the Si membrane, E x shows eight intense relative maxima located just at the border of the holes surrounding the PhC cavity. This unique feature given by the PhC lattice leads to a strong nonlinear interaction involving both surface-related (SHG) and bulk-related (THG) contributions to the nonlinear susceptibility at the same time.
The TH nonlinear polarization is calculated as [37]
where χ
1212 is the third-order nonlinear susceptibility. In Eq. 1 we have neglected the small nonspherical terms. The nonlinear TH polarization components depend on the field profiles shown in Fig. 3a,b . We assume a discrete set of dipoles oscillating at frequency 3ω c to be placed in the relative maxima of P(3ω c ): five y-polarized dipoles are placed along the cavity axis, while eight x-polarized dipoles are placed off-axis close to the PhC holes around the cavity. The amplitudes of the dipoles are proportional to the local values of the nonlinear polarization and a phase of π is given to dipoles placed in the relative maxima with opposite signs. The generated near-field is recorded just above the PhC cavity surface and then propagated with a near-to-far field transformation using the FDTD method.
The SHG is modeled along the same lines, but the nonlinear interaction in the centrosymmetric silicon material is now dominated by the surface effects. The second-order nonlinear polarization is determined by the surface contribution at the Silicon-hole boundaries. The field maxima in Fig. 3a occur at the positions of the eight holes close to the cavity and the electric field at the maxima is along the x direction. Modelling the second-order surface nonlinear tensor in the approximation of an isotropic vertical sidewall surface [6] , the nonlinear polarization is found to be along the y direction and it is given by (notice that the normal to the surface is along y):
Considering the second-order nonlinear tensor components for the microscopic symmetry of the surface [37], for a cavity axis along the [110] direction of the cubic silicon lattice, yields the same result since the electric field is dominated by the x component. In practice, the nonlinear polarization is modeled by eight dipoles in the positions indicated by the field maxima in Fig.  3a , oriented along the y direction. In this description of the second-harmonic generation process, the overall symmetry properties of the system are preserved: the cavity structure is symmetric under mirror reflection in the xz plane and the fundamental cavity mode, which is odd under mirror reflection (notice the parities of the E x and E y components in Fig. 3a,b) , is indeed excited by an incident e.m. wave polarized along y. The nonlinear dipoles, whose phases are determined by the electric field distributions in Fig. 3a ,b, are also odd under mirror reflection in the xz plane. The interference between the fields produced by the nonlinear dipoles is essential in determining the far-field profiles of the second-harmonic, to be shown below.
The spatial regions within the PhC cavity giving rise to these two contributions can be experimentally identified by taking the optical images of the emitting cavity selectively filtered at the THG and SHG wavelengths, as shown in Fig. 3c,d , respectively. Pictures are obtained by using a 50x NA=0.8 microscope objective in combination with a f=400 mm tube lens, to realize a 100x magnified image of the PhC cavity and emission pattern on the liquid Nitrogen cooled Si CCD. We see that the THG image shows up all of the intensity maxima corresponding to the sum of both |E y | 2 and |E x | 2 contributions to the electric field. On the other hand, the SHG image is characterized by two bright lobes separated by a dark region just at the cavity location, indicating that only the E x component is contributing to SHG emission and confirming its surface-related nature.
The SHG and THG far-field radiation patterns of the PhC nanocavity, i.e. the polar emission profiles, were then measured experimentally using a Fourier-imaging technique. This consists in performing the optical Fourier-transform of the light emitted at the sample surface by means of an additional lens placed between the objective and the Si CCD. An image of the backfocus of the objective lens is thus created directly on the Si CCD, which represents the farfield radiation pattern of the PhC nanocavity. The Fourier images of the SHG and THG light, selectively filtered at the respective wavelengths, are shown in Fig. 3e ,f. For comparison, the calculated far-fields at SH and TH frequencies are shown in Figs. 3g,h, which agree fairly well with the measured patterns. In particular, the four-lobes TH and the double-lobe SH far-field emissions are nicely reproduced within the model. Most importantly, we can confirm that THG is a bulk effect, as opposed to SHG which originates from surface contributions at the vertical hole sidewalls. It will be interesting for future work to investigate the dependence of SH and TH signals on pump beam polarization, as this may provide additional information, e.g., on surface vs. bulk contributions for SHG and on cavity mode symmetries.
Scaling behavior
The effects we demonstrate here are second-order (SHG) and third-order (THG) nonlinear processes in an optical nanocavity, which are expected to show a square and a cubic dependence on the pump power at the resonance wavelength, respectively. In Fig. 4a we report a log-log plot of the emitted SHG and THG signals versus the coupled pump power for a PhC nanocavitiy having the fundamental mode at λ c = 1578 nm and quality factor Q = 5.2 × 10 3 . For low-power excitation, i.e. for coupled powers < 100 μW, both the SHG and THG emission closely follow the predicted scaling behavior. However, at higher coupled power a slight saturation sets-in due to free-carrier absorption induced by TPA, which come into play upon increasing the electromagnetic energy stored inside the cavity. As a result, a reduction in the conversion efficiency is observed due to i) thermo-optic effect and ii) degradation of the cavity Q-factor. The first effect causes thermal heating of the PhC cavity and induces a red-shift of the cavity mode [49, 50] . Then, the de-tuning of the resonance wavelength with respect to the pump beam leads to a reduced coupled power and a reduced HG efficiency. On the other hand, the significant freecarrier absorption at the pump frequency degrades the Q-factor of the cavity and, once again, reduces the HG efficiency. Moreover, strong free-carrier absorption also occurs at the SH and TH frequencies, further reducing the conversion efficiency.
By increasing the quality factor of the PhC cavity, a strong increase of HG conversion efficiency is expected according to the scaling as (Q/V) n . However, the detrimental effects of TPA are also expected to increase significantly as the Q rises [50] . In Fig. 4b we report the power dependence of SHG and THG for a PhC cavity with a quality factor Q = 3.2 × 10 4 . A much higher nonlinear emission than in the low-Q cavity is observed, with a maximum output power of ∼ 0.05 pW at the SH and ∼ 2 pW at the TH frequencies, for 100 μW coupled power. On the other hand, a pronounced saturation due to the degradation of the cavity Q-factor is clearly evident even at low coupled powers. The saturation occurs at similar output powers, meaning that the increased Q-factor reduces the pump power required. The occurrence of a red-shift of the cavity mode indicates that the cavity is entering an optical bistable regime due to a temperatureinduced nonlinear variation of the cavity refractive index [49, 50] . In our experiment, in order to compensate for this thermo-optic effect, the pump wavelength is varied along with the pump power to track the red-shift of the cavity resonance.
The overall efficiency of cavity-enhanced HG processes critically depends on both coupling efficiency and Q-factor at the resonant pump wavelength. Figure 5a (upper panel) shows the Q-factors of the far-field optimized PhC cavities and the corresponding coupling efficiency, as a function of the radius of the modified holes, Δr (see Fig. 1a ). Assuming that the mode volume of each PhC cavity remains almost unchanged, we expect the HG signal to scale as (Qη cav ) 2 for the SH process and as (Qη cav ) 3 for the TH one. In the lower panel of Fig. 5a , the product Qη cav is explicitly shown. Indeed, such a scaling is experimentally verified in Fig. 5b , where maximal SHG and THG signals are observed for the far-field optimized PhC cavity with Δr = 6 nm, which shows the highest value of Qη cav (see Fig. 5a , lower panel). Then, very clear Q 2 and Q 3 scaling behaviors for the SHG and THG processes are obtained by normalizing the measured signals from each cavity by η 2 cav and η 3 cav , respectively (Fig. 5c ). To further confirm the SH and TH scaling behavior as a function of the optical power coupled to the PhC cavity, we report in Fig. 5d the measured SHG and THG intensity recorded as the pump laser is scanned across the cavity resonance. The resonant scattering spectrum of the cavity mode is also reported with a best-fit to a Lorentzian lineshape. We see that the SHG and THG spectra are very well described by the squared and cubed Lorentzian lineshape used to fit the fundamental resonance. These observations represent definite proof that our results should be interpreted as cavity-enhanced nonlinear frequency conversion by SHG and THG. From the above, it is clear that the HG conversion is not a parametric process, i.e. a resonant mode at the converted frequency is not required.
The maximum conversion efficiency observed in our PhC device, defined as η = P out / P in , can be evaluated for SHG and THG from the plots of Fig. 4a,b . We estimate η SH ∼ 1 × 10 −9 for the SHG process and η T H ∼ 2 × 10 −8 for the THG one. However, since we are dealing with CW conversion efficiencies, a more appropriate comparison with previously reported results is obtained by evaluating the normalized conversion efficiencies as ρ SH = P out /P 2 in for the SHG process and ρ T H = P out /P 3 in for THG one. This yields ρ SH ∼ 3 × 10 −5 /W and ρ T H ∼ 8/W 2 , respectively. For comparison, the normalized SH conversion efficiency for a focusing area of ∼ 1 μm 2 is of the order of 10 −14 /W in bulk silicon [29] and it is enhanced by no more than 2-3 orders of magnitude in microcavities and 2D photonic crystals [30] [31] [32] [33] . For THG, the highest reported normalized conversion efficiency is 10 −10 /W 2 [16] . Thus, by using silicon PhC nanocavities to enhance optical nonlinearities, we demonstrate an impressive improvement in THG efficiency of more than 10 orders of magnitude and a reduction in pump power by 6 orders of magnitude.
Discussion and conclusions
Despite the onset of saturation in the HG signal occurring for high-Q PhC cavities, our experiments represent a considerable improvement over previous works on silicon [30] [31] [32] [33] , since HG light is observed here under a continuous-wave pumping regime. This is quite unexpected due to the presence of strong TPA and consequent free-carrier absorption in silicon -the same parasitic effect that prevents cw Raman lasing in Si devices unless a free-carrier lifetime reduction mechanism is applied [15] . We demonstrate here that efficient continuous-wave HG is possible in a silicon nanodevice, thus making the major step towards possible widespread applications. Moreover, we note that the pump power required to observe efficient emission is ten times lower than that for a recently demonstrated microlaser [51] , which highlights the surprising fact that light sources based on HG emission may be more efficient than lasers.
Even though at present the maximum observed THG power may be considered still low for immediate applications in signal processing devices, the conversion efficiency of our device can be further increased in several ways: 1) by increasing the Qη cav product, i.e. by designing PhC nanocavities with higher Q-factor and coupling efficiency, while keeping a comparable mode volume; 2) through polarization of the device with a p-n junction to sweep-out free-carriers from the cavity region, i.e. as in Raman laser devices [15] ; 3) by the introduction of carrierrecombination centers through controlled ion-implantation [52] . The combined application of these strategies is expected to increase substantially the emission efficiency by 2-3 orders of magnitude, thus bringing the blue-THG output power of our Si nanocavity to a level that is comparable to the highest reported (∼ 500 pW) red-SHG power in a III-V-based nanodevice [28] .
In the present geometry the pump electromagnetic field is in-coupled through far-field optimization out of the plane. We point out that an alternative integrated signal-processing device could be realized by pumping the cavity through a side-coupled PhC waveguide in a geometrical configuration already reported [20] . This would lead, for instance, to a channel-drop device where infrared signals could be injected on-chip and "dropped" out-of-plane at visible wavelengths. On the other hand, achieving a full on-chip device for both pump and harmonic signals would require to suppress absorption, i.e., to change the PhC slab material in order to have transparency also at the harmonic frequency.
In conclusion, we have presented the first demonstration of nonlinear frequency conversion by simultaneous SHG and THG in silicon PhC nanocavities using low-power continuous-wave light. We achieved efficient dual wavelength emission in the blue/green and red visible windows with excitation in the telecom bands and with a few tens of microwatts power. The low-power continuous-wave operation, wide tunability and full CMOS compatibility of our silicon nanoemitter are important features which add considerable weight to the opportunity of making silicon a truly pervasive material for Photonics.
